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A THEOREM IN DETERMINANTS. 
By Pror. E. O. Lovett, Princeton, N. J. 


1. The expression 


a, | a, b, ia & | a, 6,| a, 6, 


(1) 


+ | 
| dy b, | a, b, b, a, b, ay b, 


is obviously identically zero. 
The identity corresponding to this in terms of determinants of the third 
order is 


| a, b, ¢, | dy by a, | ey | 
| dy by Cy. ds bs | —| ay by a, b, +| a, |.) | 
| a, by by | ay | | a, bs ay 
a, b, b, Cs 
— | a, 6, c, |.| @, 6, ¢, 0. (2) 


The following is a generalization of these identities for determinants of 
the nth order, viz.,'the sum of the expressions 


|1,2,3,4,...,m|. Qn 
|3,4,...,2,n +1,1|.|2,n+2,n + 3,...,2n 


(3) 
(—1)"|4,...,2,2+1,1,2 .|38,n+ 2,n+43,..., 2n 
. 

is identically zero, where for convenience we put 
a, ..., a | =|1,2,3,...,”|. (4) 


The identity of this sum with zero is made clear by expanding the deter- 
minants with regard to the elements of their left-hand columns; then on 


\ 


j 
{ 
4 
if j 
a 
; 
| 
| 
| 
| 
‘ 
| 
| 
‘ 
= - 
{ 


162 LOVETT. A THEOREM IN DETERMINANTS. 
forming the products and summing, it appears that the coefticient of the gen- 
eral term is of the form 

1, 2,3,4,...,n—1 .an+1,n+42,. .,2(n —1)| 
+ (—1)""'| 2, 


(— 1)" n, — 2]. n—I1,n l,n +2, 2(n—1) |; 


treating this sum in the same manner the coefticient of its general term is found 
to be of the form (5) in which x is again decreased by unity ; this process 
carried through x — 2 steps leads to a coefficient of the form 


1,2|.'3,4/+ 3,1/./2,4, (6) 


which is (1) in a different notation and identically zero ; therefore, a fortiori, 
is the sum of the expressions (3) identically zero. Hence, we have 


+ 3,..., =8, (7) 
where 
tukes successively the values of the sequence 


1, 2,3,4,...,2,2 +1, 


(or in fact, of any sequence of x + 1 different indices) and of its cyclical per- 
mutations, and is always positive or alternately positive and negative, according 


as is even or odd. 
2. By noting that the volume of a solid having ~ + 1 vertices in a space 


of ~ dimensions is equal to 


1 1 
2 2 
1 2,” ’ ’ ’ 1 
n! | ’ (8) 


net), 1 | 
x”, xf, 2, a = 1, 2, 3, coe, + 1 (9) 


being the coordinates of the x + 1 vertices, the above theorems may be inter- 
preted geometrically. 
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Consider a system of 2(” + 1) points ina space of x dimensions. These 
points form 2(n + 1)/( + 1) solids, each having x» vertices. Desig- 
nating the points by the integers 1,2,...,” + 2,...,2(" 1), and 
the volume of the solid whose x» ~ 1 vertices are 1,2,3,...,% © 1 by 
$1, 2,3,...,” + 1{, the theorem expressed by (7) becomes, in virtue of (8) 
and (5) 


+2, n+ 3,...,23(m 
‘n-+3,n-+ 4,...,2(n+1),n4 1! 

+ + 3} 1,24 2(+31,2,..., 
‘n+ 3: 


+ 0, (10) 


the upper or lower signs being taken according as 7” is odd or even. 

The volumes of these solids arrange themselves in pairs in 2(” | 1) 
2(\n + products to satisfy [ + 1)/2( + — + 1) independ- 
pendent identical relations of the form (10); the others are derived from (10) 
by permutation. The x’ independent ratios of these binary products are the 
independent absolute invariants of the original system of 2(n 4 1) points by 
the general projective group of m dimensional space ; the identities of the form 
(10) thus furnish a complete generalization of Clifford’s statement of the gen- 
eral theory of anharmonies for the first three dimensions. 

It may be further remarked by way of illustration that the identity (10) 
gives the well known relation connecting the distances of four points 1, 2, 3, 4 
on a right line, viz., 


12.34 + 23.14 + 31.24 —_ 0, 


and the five independent identities* of the form 


123.456 + 124.365 + 125.634 4+ 126.543 0, 


connecting the areas of triangles formed by six points 1, 2, 3, 4, 5,6 in a plane. 


* Clifford is in error both as to the statement and the number of these identities on page 3 of 
volume 2 of the Proceedings of the London Mathematical Society. 
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ON THE EXPANSION,OF AN ARBITRARY FUNCTION IN TERMS 
OF LAPLACE’S FUNCTIONS. 


By Pror. W. H. Ecuots, Charlottesville, Va. 


1. We recall the following theorem : 

If f(x) is a one-valued and continuous function that can be expanded in 
integral powers of # a throughout an interval ( (4, where 2a — « + 
then can 7 (7) be expanded in the series 


= Ay + Avge) + +.--, (1) 


where ¢,(."), (7 = 1, 2,...), are rational integral functions of 2 of degree r 
constructed according to any assigned law and the coefficients A, are inde- 
pendent of «. The series (1) being convergent and representing /(7) in 
( (a, /3)). 

A demonstration of this consists in designing a rational integral function, 
with the given ¢,(2) functions, 


A, + + eee + A,¢,(2) , (2) 
which shall cut at and at « other arbitrarily chosen points, ,,..., @,, 
in ((4, ,3)), and then making 4, = =... =a, = a. 


Thus if 72 be the difference between f (2) and (2) at any point z in ( (a, /3)) 
we have 


P(e) = SA,g (2) + RB, (3) 
0 
and in order that this difference shall be 0 at a,, a, ..., 4@,, we have 
(a) = (4) 


J =1,...,”. Eliminating the A’s from (3) and (4), the function (2) is designed. 
Thus 
J(@), 1, o(@), | 


| 
ST (an), 1, | 


= (5) 
1, @n(@n) | 
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But the function 7? is a one-valued and continuous function of « which 
admits an indefinite number of one-valued and continuous derivatives in 
((4, 3)). Since it has the x + 1 zeros a, ..., @,, we have for the value of 7, 
by a well known elementary theorem, 


a)... (@ —a,) Rh) 
where aan | , means the (7 + 1)th derivative of 7 at some point u« 
between the greatest and least of the numbers 7, «,,...,4,. But since the 


degree of the rational integral functions in the first row is not greater than 1, 
all their (7m + 1)th derivatives are zero, so that 


which converges to the limit 


when the a’s converge to the limit a, and now wu lies between # and a. Atthe 
same time the limit of the left side of (5) is evaluated in the usual way by per- 
forming on the numerator and denominator the operation 


Whence we have 
| F(x), 1, oa), 
PAGE 1, g,(@), @n(@) 
| f(a), 9, g(a), Gn 


fa), 0, O , ..., 
g(a) 


or 


f(x) — 3 A,¢,(a) _ (@— 
0 


"(u). 


| 
il 
| 
R= @—&)--- —G) 
. 
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| 
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By hypothesis the limit of the right side is zero, since this is the condition 
that f(2) can be expanded in powers of (« — a), when n = o for all values 
of w in ((4, ;4)). By the above construction the coefficients A, are assigned 
numbers for any assigned value of the integer 7, and we have* 


S(2) = (6) 
0 
2. The function 


= — a) (@ — 


is a rational integral function of degree 7, which we write 7,” for brevity. The 
function /() being as before in § 1, we have 


f(a) = (7) 


This function admits of integration between the limits « and j, and we can 
determine the coefficients A, in a new form as follows. 

The function 7; is such that its first 7 integrals taken from « to ;3 are 
zero, for the parts independent of the arbitrary constants will contain some 
power of (7 — a) (2 — /3) as a factor. 


Write 
fide fades 


with obvious generalization. 
Then integrating (7) successively between « and ;3, we have 


F=hA,, 
= h,A, + 
= h,A, + PA, + 


*See Annals of Mathematics, Vol. VII, p. 41. 
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Wherein for brevity we write A, = (3 — «)'/r!. These equations serve 
to determine the A,’s. Thus 


An assigned number corresponding to an assigned 7. This coefticient contains 
no derivatives of 7(x), but is constructed wholly with definite integrals of the 
functions involved. In particular 


B 
1 
A, = al 


is the mean value of /(2x) in ( (a, 4)). We propose to examine this expansion 
from an entirely independent point of view. 

3. The successive integrals of a function ¢/ (2) can always be expressed by 
a single integral as follows. 


Let 
= ghia), 
then 
= fix). 
Generally, if 


7] r 
Sie | g(x) == 
J 


then 


rl 


) 
da Wa) = = 
$ 
a ] 


Now, 
x 


z 
fi g(r) = (7) — g(a) — — a) cya), 
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and by an easy generalization, 


( — a)" 


r! 


But 
Integrating between «4 and a, we have 


Since 7 — «is sills for x in ((4, ,3) , this can be written 


where « is some number in the interval (a, 2). 
4. If the first 2 integrals of a function ¢(2z), 


| x r 
(2) = | 


(7 = 1, 2,...,) are zero when x then the function is 0 for x dis- 
tinct values of in (4,3). For, ¢,(2) =0 when z= «4 and = Its deriva- 
tive ¢,,_,(7) is therefore zero for some value v, between « and 3. Therefore, 
since ¢',, ,(a) is zero at a, u,, 3, its derivative ¢,, .(a) is zero for some value of 
wv in each of the intervals (4, %,), (7%, 3). But ¢,.(2) is also zero at a and 3, 
or vanishes four distinct times in ((¢, ;3)). Continuing, thus we find that 
is zero at and and also at — 1, distinct values between « and or 
altogether » 1 times in the interval ((«, 4)). Therefore the derivative ¢() 
of (f(z) vanishes ~ distinet times in (4, ,3). 
5. Employing the notations of § 2, the function 


F, ’ h, ’ 0 ’ 0 ’ ee 0 


| 1 2 


ri 
AP, ee I n+l 


(8) 


h(x) —Z - hia)da. 
2 
F; ’ h, ’ ’ 0 
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is such that its first ~» + 1 integrals between a and z all vanish for 2 = ,3.* 
Therefore this function vanishes 1 times between « and at, say, ..., 
tra It is therefore equal to 


(n + 1)! 
where « lies between the greatest and the least of the numbers .r, 
But 
(2 — %,)...(@ — | 
— — at, 
where — 1 < < + 1, for all values of in ( (4, 4)). Therefore, we have 


(3 


8 
Fe) = [fade + 
1 


4) 
the + 1)! pe 
If f(x) can be expanded in powers of (7 — «) up to and including ,4, the 
last term on the right has 0 for its limit when » — » and the series 
fie) = + (10) 


is convergent and represents 7(.”) for all values of « in ((4, ;4)). Inthe series 
(10) the coetticients A are independent of . and of derivatives of 7 (7), being 
constructed with definite integrals from @ to /7. 

The test for the convergence of the series is unfortunately made to depend 
on the derivatives of 7(7). It is desirable that the equivalent of (8) should be 
evaluated in terms of a definite integral of f(r). The great importance in 
physics of the expansion of an arbitrary function in terms of Laplace's fune- 
tions is well known. It is analytically of the greatest importance that the 
expansion of a one-valued function that is continuous in an interval should be 
completely solved independent of the operation of differentiation, since there 
exist such functions whose derivatives are wholly indeterminate and therefore 
can play no part in the investigation of their properties. 


* As a matter of detail we observe that 4g has its 7 roots real and in (4, |7), and also for 


= 


+ Annals of Mathematies, Vol. 10, p. 17. 
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ON THE RELATION BETWEEN CAUCHY’S NUMBERS AND 
BESSEL’S FUNCTIONS. 


By Dr. ALEXANDER S. CHEssin, New York. 


It is sometimes of advantage in Celestial Mechanics to transform formulas 
expressed by means of Cauchy’s numbers into a form where Bessel’s functions 
are the instrument of calculations and vice versa. It is therefore useful to 
know what relations there exist between Cauchy’s numbers and Bessel’s 


functions. 
In a note on Cauchy’s numbers by the author*® it has been shown that 


where» = p + + q), and the symbol stands for 


a(a—1)...(a—6+1) 


This formula gives for 7 = 0 
— q! — ” q! 
WV», = (— nl (n + (2) 
On the other hand we have for Bessel’s function /, x) the expression 
9 
Therefore we can write 
(a) (2 + 2m)! (4) 
and, differentiating with regard to «, 
ad. ) v Nv (a) (5) 


dr m=o ( + 2m — 1)! 2) 


As an application of these formulas some properties of Bessel’s functions 
. * Annals of Mathematics, Vol. 10, p. 1. 
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can be derived from the properties of Cauchy’s numbers. Thus, for example, 
by (4) : 


(x) = ; Qm)' | 


(6) 


and, on account of 
formula (6) becomes 
JS = i, 0, 
_(#) = (— 1) | 


or, since = 0 for — p + 7 + ¢ < 0, and therefore N_, = 0 for 
m <4, 
mae {a} —i+2m mae fa) 


g i 0, —i+2m 
( mai (— 2m)! | | ( (2m i)! [2 


that is to say 
J_(x) => (— 1) JS (x) 


In a similar way we can derive the well known relations 
= 5 + File), 


dd a) 


dr 


from the following properties of Cauchy’s numbers : 
N N 


—pitlhy 


As another application of our formulas let us express the function 


ro 1 | of Celestial Mechanics by means of Bessel’s functions given the 
L J 
formulas* 

@ J i=i 


cm) \m 2m fe —i, m—1, i—m4+142k (de 
C; = (— 1) | | ! 
a 2 | — m + 2k)! (2 | 
*See Tisserand, Mécanique Céleste, tome I, pp. 237-239. For the values of C9(") see 1. ec. 
formulas (20) and (21). These values are also given below, namely, by formulas (9) and (10). 


} i—m+2k 


(7) 


| 

| 

| 

| 

i 
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To this end we remark first that the number V_,;,, can be expressed 
linearly in Cauchy’s numbers of the form _,,.,., by the formula* 


J J 
which becomes in the present case 
7 
A -4,m—1, i—m+14+2k 
— N 
1 | —i+m—, 0, $142k 
J 
= 1 7 
+ | | NV. 0, 
J 
+. 


It must be noticed that in the first line of this formula 4 > 0, in the second 
line & ~— 1, in the third /# > 2, and so on; in the last line / > (# — 1) because 


N jg = Owhen — p + 7 + 71s negative. Hence 

(9 -+- 2k)! (4 — m + Bk)! 


4 | (m — 0, {ie | 
(4 — m + 2k)! 2 | 
1 N i+m—5, 0, i—m $142k | 


2 | exe + 2k)! (2 | 


(de 


i—m+2k 
v 0, i—m4142k (ve 


—— re 2h)! J 


| SoG —m + + | 2 | 


* Annals of Mathematics, Vol. 10: 1. ¢ 
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—1 N i+m—5, 0, +54+2k | ie 
3 


Ry N i—m+1, 0, i+ m+2k—1 


+ m 4 - ~2)! | 


[te } itm+2k—-2 


_2d 


1 | J; 1 ) 


and therefore 


= (—1)™ fe\™d 


[2] de 
m—1) (m—1 V7 
i- mille) + k 1 a i—m+al ie) + 9 —m+5 (7¢) +. 


which is the formula we intended to derive. 


Conversely, suppose the function f inl ] expressed with the help of 
J 


Bessel’s functions. To obtain this expression directly, we remark that 
2) 
fei* 
— (— 1)" | 


2} cos mu 4 Q)u 4 | eos 
J 


the last term within the brackets being $ | [ ane ‘if m = 2m,; and ( 2m, +1 
cos «ifm = 2m, + 1. In either case the above development will contain a 


constant term which we will denote by § 6”. When m = 2, 


(2) m,! (2) 
when m = 2m, + 1, since cos u = 4 -+ periodic terms, we shall have 


the constant term 

fe) (2m,+1 |. (m+ 2)(m,+3)...(2m, +1) fet 

(2) | mt (2) 
(10) 

Formulas (9) and (10) are identical with (20) and (21) of Tisserand (1. ¢. p. 238). 


—}4 e(— 1)” | 


| 
| 
| | 
| 
| 
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We have on the other hand for m > 1 


i=2 
cos mu =m [- J, if 


which formula holds also for m = 1 if we leave out the non-periodic term. 
Hence 


+ (— 1)" 


la | i=! (11) 


where we have put 


A,=m™ J,_,, (te) — Ji,,,(ie) + (mm — 2) | Ting — ign 


{om 


| 


Now, it can be readily shown that 
— 


so that 
A (m — ) 
[Fi | + 1 | — +... 
_ 2m ‘m—1) ? 
and, therefore, 
=taq” +(—1) | = 
We have shown above that 
d 


i—m+2k 
N_,. m—1, i—m+14+2k 


2 (¢ —_m-+2k)! 2 J 
Hence, ¢;” being given by formula (7) we shall have 


} cn) im) ad 


which solves the proposed problem. 


New York, July 1, 1898. 
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ON CIRCUIT INTEGRATION OVER A STRAIGHT LINE. 
By Pror. W. H. Ecuous, Charlottesville, Va. 


1. In the Annals of Mathematics, Vol. VIII, p. 137, I attempted to utilize 
Cauchy’s method of integrating a function of « complex variable around a 
closed boundary containing a pole of the function, with the purpose in view of 
devising a similar method for a function of a real variable by integrating for- 
ward and backward to the place of beginning along the axis of the variable. 
I have since then seen the error in the fundamental formula in the paper 
referred to, and wish now to make that acknowledgment and to notice some 
interesting points in connection with the investigations connected with it. 

2. We observe that (¢ — a)“'is the derivative of log (a — ¢) when ¢ < a, and 
the derivative of log(¢ — a) when ¢ > a. Hence 


a—p ata 
a—a a+sB 
Therefore 
a+a a—s ata a—a 
dt _ dt dt +f dt 
t—a t—e J t—e 
a+B a—a 
2 
= log { “| 


Let g > p be two numbers defining an interval ((p, ¢)) containing a 
number a. Let 4 and ,3 be two absolute numbers such that 7 < «anda + a, 
a + are also in ((p,q)). We call the indefinite c/rcv/t integral of a function 
over ((p, 7)), the sum of the four ordinary integrals taken from p to a — a, 
from a + to gq, from 4 tow + «a, from a — top. Obviously, the intervals 
((p,a@ — a)), ((a@ + 4, 7)) are passed over twice, once forward and once back- 
ward. The intervals ((a — 4, a — ((a + + are passed over 
once backward and forward respectively. While the gap (a — ;3,a@ + /) is 
not entered upon at all by the variable. 

The indefinite circuit integral of any function 7 that is uniform and con- 
tinuous everywhere in ((p, 7)) except at the point a, is evidently 


a—a a+a 
J J yde + J 
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The indefinite circuit integral of (¢ — a)! over ((p, 7)) is, by the above, 
equal to log (4/3)*. This is indefinite until the quotient 4/3 is assigned. We 
agree now once for all that the quotient (4/,3)° shall be e for all values of ¢ and 
3, and we let «4 and converge to zero. When this is the case, the limit to 
which converges the indefinite circuit integral as 4 and converge to zero is 
called the definite circuit integral with respect to a, or briefly the circuit inte- 
gral with respect to « over ((p,q)). Thus 


dt 
J, — it 
(pq) 
3. Let f() be any one-valued and continuous function at a// points in 
((p,q)). Clearly, the circuit integral of 7(7) over ((p, g)) is zero. But, 
dt =f r(t) — J (4) dt + 
(pa) (pa) (pa) 


a= Fis). (1) 


if f(a) is an assigned number. Otherwise, since ¢ — a is always positive in 
((4 + 4 4)) and negative in ((«— a, a — we have for the circuit 


integral 
f(t 6 dt 
(pq) a= a—p a+B 


where ¢ and are numbers in ((@ — a, @ — ((@ + @ + @)) respec- 
tively, and which converge to a for a = 0, while the limit of each of the inte- 
grals is log Therefore the circuit integral is 

Let @, and «, be two points in ((p, 7)). The circuit integral with respect 
to 7, and «, over (( »,qg)) isthe sum of the circuit interval with respect to «, over 
((p,7)) and the cireuit integral with respect to @, over ( (7, 7)), Where 7 is any 
number between and The generalization with respect to points 

., @, In ((p, g)) is obvious. We have 


Tit) dt af T(t) dt 
. 


(¢ — a,) (¢ t—a,t - t—a,t 
(pa (pr) rd 
ly — a, —a, 


In general, it follows at once that 


_ & f(a,) 
J (t — )...(t — a,) 


py) 
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where ¢'(¢) is the derivative of (¢ — a,)...(¢ — a,). 
integral is 7. 


4. Again, by the above, we have 


If = this 


Fitidt 1 


- = - 3 
— x)(¢ — a)... (¢ —a,) 1 — a, (3) 


Therefore 


The function on the right vanishes when « = «,,...,,, and the term 
under the sigma is a rational integral function of « of degree » -— 1. It is 
therefore equal to 
— @,) ...(% — 
n! 


a, ) “) 


where « is some number between the greatest and least of the numbers «, «,, 
..., and we have 


f finde _ (5) 
xv) r! 


provided 7 (.) admits of differentiation and not unless. 


If f(z) is a rational integral function of degree less than x, the integral 
is zero. 
5. Again, let 


= Fin + rh), 


=n 


(2 — a)*t) = (x — a) (@ —a —h)... (2 — a — nh), 
x—a—rh,(r=0,...,), being points in (p,¢). Then 


(¢— amt? (rh) (7 — 1h)... A(— A)... (— — anh)’ 


(pq) 


ri(n —r)! A" 


1 


ni A 


when u is between a and a + nh. 


| 
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6. Consider the integral (4) when « = a. Let a, ..., a, all converge to 
the limit ¢. Then since « always lies between the greatest and least of these 
nw -++ 1 numbers, it also has the limit a. The right side of (4) then has the 
limit 7"(7)/n!. We define this to be the value of the integral (4) when 
,-.+, @, are equal to a, and write in symbols 


Fitidt — fa) 
(pa) 


It is to be distinctly understood that this symbol means that a, ..., @, 
are to be put equal to « after the integration has been performed and not 
before. 

The integral 

Fitjdt 


(py) 


evaluated by the process of 2 is for all even integers n, and 
has no meaning. It is discarded from our consideration. For x = 1, how- 


ever, we have by the ab in/tio process 


(py) (pq) 


=of"la)., 


as before, since by ¢ 1, we have the indefinite integral 


J dt gm (9) 
| hy 


(pq) 


== 0, when wm is odd, 


for even. 


1 1 ] 
m a 
The latter is therefore infinite when «4 = 0.* 

In order that (8) should be the same as (7), it is necessary and sufficient 
that (9) should be O for all values of the integer m +0. This is not true for 
areal variable, as we have defined the integral, but is true for a complex vari- 
able under Cauchy’s well known method. 


* It does not seem possible to make this integral zero by letting 1 and 3 converge to zero and 
their ratio to a finite real number different from 1. 
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With the definite meaning assigned to (7), however, we do have 


dt 
— q)** = 0 


(pq? 


for all integers x, and equal to 1 for n = 0. Understanding clearly these con- 
ditions we can apply the process of circuit integration “ across” any pole « of 
multiplicity x, that pole being regarded as the result of running together of x 
poles of order 1. 

The applications of the method of circuit integration for a real variable 
are limited to the producing of certain finite-difference and ditferential-equa- 
tions from the circuit integrals directly or from a given algebraic identity. 
Already we have had an illustration of this in the production of Lagrange’s 
interpolation formula in (4) and of the result J"7 (2) = A"7"(u) of (6). This 
last lies at the foundation of the formation of differential equations from those 
in finite differences. 

7. An important extension of (4) is as follows. If giv) =(#% — a,)"*!... 
— and f(x) is any one-valued and continuous function in ((p, 7) ). 


Then 
Also 
w—t 


= 
My (z— | y(t) t=u, 


If we multiply (10) by g(x) then the member on the right vanishes 
N=m+...+m, +n 


times at a,,...,d,, and since the rational integral function in « under the 
sigma sign is of a degree less than WV, we have 


when u lies between the greatest and least of «,,..., @,, 7. If,f() isa rational 
integral function of degree less than ¢(x), the right side of (10) is zero, and we 
have the partition of the rational function into partial fractions. 

8. Making use of Euler's identity in the form 


- 
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where ¢/,(7) = (7 — a)... —a,). Multiply this by /(¢)d¢ and take the 
circuit integral over an interval ((p, 7) ) containing all the poles. The function 
7 (2) being as before one-valued and continuous in ((p, 7)), we have 


(pq) 
The last term on the right is equal to 


(a +- 117 


wv between the greatest and least of the @’s and w. 
If in this we put v, =a and a, =a + pA, and write a before (x —a)” = 1 


and 
(x — a)"*) = (w — a) —a —h)... —a —nh), 


(12) becomes 
Mf (a) , (2 — aye 


If A = 0, (13) becomes 
f(a) = 3 (2 — ay’ (14) 


provided 7.7) admits differentiation at @ and in (ar). 
%. This last result is also obtained by integrating the identity 


(15 


after multiplying by 7(/)¢/, according to the meaning assigned in (7). 


Again, 
Ta) J (x) 


J (¢— al (du; — a)" 
(pq) 


which produces (14) independently. Also this same integral can be written 
equal to 


F(t) — 
— (¢ — TOS - 2) (¢ — 


(pa) 


which is equal to 
— F(a) 


n! | da | 2—a 


giving another obvious identity. 
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10. If (2) 4, be a function which does not vanish in ((/,¢)). Then 


f dt dt 


JG, — J ay" 


meaning ¢ = a after differentiation. Making use of the identity (15) in which 
we write ¢ = 4,, a = 4,, then we can get Burmann’s formula in a variety of 
forms. For example, multiply by 7(¢)¢/¢ and integrate (cireuit) over (ax) and 
we have 


(0, — pes § 


Multiply this by #(.7)dz and integrate ordinarily from a to 7 and we get Bur- 
mann’s with the remainder as a definite integral. Burmann’s is produced 
directly with coefficients in a different form if we multiply (15) as above by 
| f(t) — and circuit integrate over (ax). 

Circuit Integration renders no assistance in the expansion of functions 
further than producing the finite forms of the Differential Calculus which do 
not lead to general, but merely to particular, solutions of that problem. 


NOTE ON THE INVARIANT TOTAL DIFFERENTIAL EQUATION 
+ Qdy.4 Rdz = 0. 


By Pror. J. M. Pacer, Charlottesville, Va. 


If we write, as is usual, 


dy dz 


du de 


Lie has shown that all equations of the general form 
(x, Y, 4) = 0, 


which are invariant under a given infinitesimal transformation 


are found as follows. We form the expressions 
and find the solutions of the linear partial differential equation of the first 
order in five variables, 


Let these solutions be, ad 
VARY 2), UY 2 a), 2 2) 3 


then the most general equation in the variables z, y, Z, y,, 2,, which is invariant 


under //f has the form 


Now if the functions F, «,, and v, are so chosen that the equation /' = 0 is 
linear in terms of y, and 2,, it is clear that we thus obtain a ¢otal differential 
equation in the variables a, y, z,—which is invariant under U/f. 

As a simple example, it may be at once verified that the most general 
equation /” = 0 which is invariant under the perspective transformation 


ou 


> 
of of 
| 
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has the form 


(y 2 
Hence, all total differential equations of the form 
fy 2) y 2) (fy 2) 
r dz =0 


that is, all homogeneous total differential equations are invariant under the 
perspective transformation. 

In an analogous manner, we might proceed to establish an unlimited 
number of ¢ypes of total differential equations, which are invariant under given 
infinitesimal transformations. 

We shall now suppose that a total differential equation 


Pix + Qdy + Rdz = 0 (1) 


is given, and shall assume that this equation is invariant under a known infin- 
itesimal transformation (7, Two essentially different cases present them- 
selves, according to whether the equation (1) satisfies the condition of integra- 
bility or not. We shall take up the latter case first. 

I: If the invariant total differential equation (1) does not satisfy the 
condition of integrability, the genera/ solution of this equation can always be 
obtained by a quadrature. 

For the general solution of any non-integrable equation (1) is obtained 
by associating with (1) an equation of the form ¢ (7, y, 2) = 0, where ¢ is an 
arbitrary function. But since ~ and », the solutions of //7 = 0, are inde- 
pendent functions, it is readily seen that the general solution of (1) can always 
be obtained by associating with (1) an equation of the form 


P(u,v) = 0, 


where @ is an arbitrary function of « and v. Hence we obtain a simultaneous 
system consisting of the equations (1) and 


+ QYdy + Rdz (2) 


and this simultaneous system is, in turn, equivalent to the linear partial differ- 
ential equation of the first order 


c 


Of course A/ = 0 is invariant, since (1) and (2) are invariant; that is, the 
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equations Af — 0, U/f = 0 form a complete system with the known solution 
Piu,v). 

Since the function % must contain two, at least, of the variables «x, y, 2,— 
we can introduce as new variables, # and two of the old variables,—say, x. y, 
Also, since A(%) U(%) 0, it is clear that the equation Af = 0 
becomes, in the new variables, a linear partial differential equation of the first 
order in # and y, which is invariant under a known transformation (7 in the 
same variables.* Hence, another solution of 47 = 0 which is independent 
of @,—that is, the general solution of (1) with the condition @ == 0, is obtained 
from an ordinary differential equation of the first order in two variables by a 
quadrature. 

IL: If the given invariant total differential equation 


Pde Qdy Rdz = 0 (1) 


satisties the condition of integrability ;—that is, if the general solution of (1) 
can be expressed by means of a single equation of the form 


y,2) 


then it is clear that 2, the integral-function of (1), will be at the same time 
the common solution of the equations 
»oF of __ 
which, in this case, form a complete system. 

Since the family of surfaces 2 = ¢ is invariant under Uf, the expression 
(7(2) must be a function of 2 alone. If (7(2) _ 0, the surfaces 2 = ¢ are 
not transformed by (/7 at all; and, in this case, “/f is said to be trivial with 
regard to equation (1). Hence, if we assume, as we always shall do, that /7 
is not ¢rivia/, the expression (/(2) is not zero ; and we can always choose the 
function 2 in such manner that /7(2) — 1.t Thus &, the integral-function of 
(1), satisfies the three equations 


oy 
at . 0, 
OQ 


* Lie’s ‘‘ Differentialgleichungen,” p. 437. 
+ Cf. Lie. 
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Hence, it is immediately seen that 2 is obtained by a quadrature, in the form, 


— 


That is, if PE 4 Qy + 0, the expression 


1 


PE + Qy + Re 


isan integrating factor of the invariant integrable equation (1). 

If PF + Gy + Re 0, it is clear that the path-curves of the transfor- 
mation {/7 all lie on the surfaces 2 = ¢; so that U7 is trivial with regard to 
(1),—-a case which was excluded. 

We may remark that if the integral surfaces of the integrable invariant 
equation (1) are given in the form 


P(x, y, = 9%, = const. 


an envelope of these 2 ' surfaces may exist. This envelope must be a surface 
(possibly degenerated), which is clearly invariant under the transformation (7. 
That is, the surface must be generated by path-curves of the transformation 
Uf, defined by the equations 


~ 


dx dy _d (3) 


Thus, since the equation to the envelope satisfies both the equations (3) and 
the equation (1), the envelope, (or the singular solution of (1) ), is given by 
w(x, y,2) PF + + (4) 
On the envelope the integrating factor J is, of course, infinite. 
We may further notice that the directions of the characteristics of the 
envelope are given by the equation (4) in connection with the equation result- 


ing from the total differentiation of the equation w = const. That is, the 
characteristics of the envelope satisfy the equations 


Pde + Qdy + 0, 
w,dz + w,dy wdz=0; 
or the equivalent equations 


dx dy dz (6) 


Qo, — ho, ~ Ro, Po, — 


LS6 PAGE. NOTE ON THE INVARIANT TOTAL DIFFERENTIAL EQUATION, ETC. 


If a cuspidal edge of the envelope w = 0 exists, it must clearly be a path- 
curve of the transformation (7; that is, from (3) and (6), the cuspidal edge, 
if one exists, is given by the equations 


a 


It is easily seen that ¢, 7, £ cannot all vanish either at all points on the enve- 
lope, or at all points on the cuspidal edge (if these loci are not degenerated). 
Hence the envelope of the family of surfaces defined by the integrable total 
equation (1), which is invariant under a known infinitesimal transformation 
‘7, can be found without even a quadrature; and the same is true of the 
cuspidal edge of the envelope. The surfaces themselves can be found by a 


quadrature. 
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